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 .Conway ``On Numbers and Games,'' Academic Press, New York, 1976 has
given an inductive procedure for generating the real numbers that extends in a
natural way to a new class of numbers called the surreals. The number 0 is defined
at the first step in terms of a pair of empty sets. At step 1, the number 1 and its
 4negative are generated, giving the set 1, 0, y1 ; at step 2, the numbers 2, 1r2 and
 4their negatives are generated, giving the set 2, 1, 1r2, 0, y1r2, y1, y2 ; at step 3,
the numbers 3, 3r2, 3r4, 1r4 and their negatives are generated, giving the set
 43, 2, 3r2, 1, 3r4, 1r2, 1r4, 0, y1r4, y1r2, y3r4, y1, y3r2, y2, y3 , etc. It is
shown that these numbers are generated in one-to-one correspondence with
certain sequences of positive and negative sequences of integers: At step 0, the
 .  .  .sequence 0 is introduced; at step 1, the sequence 1 and its negative y1 are
 .  .  .4  .  .generated, giving the set 1 , 0 , y1 ; at step 2, the sequences 2 , 1, 1 and their
 .  .  .  .  .  . negatives y2 , y1, y1 are generated, giving the set 2 , 1 , 1, 1 , 0 , y1,
.  .  .4  .  .  .  .y1 , y1 , y2 ; at step 3, the sequences 3 , 2, 1 , 1, 1, 1 , 1, 2 and their nega-
 .  .  .  .tives y3 , y2, y1 , y1, y1, y1 , y1, y2 are generated, giving the set
 .  .  .  .  .  .  .  .  .  .  .  .3 , 2 , 2, 1 , 1 , 1, 1, 1 , 1, 1 , 1, 2 , 0 , y1, y2 , y1, y1 , y1, y1, y1 , y1 ,
 .  .  .4y2, y1 , y2 , y3 , etc. This generation of sequences in not ad hoc. The
positive and negative sequences given here, and their generalizations, arise in
iteration theory and in the theory of words associated with that theory. There is a
natural order relation on these sequences that is one-to-one with the Conway
numbers and which is rooted in the ordering of the inverse functions that arise in
the description of the graph inverse to the nth iterate of certain classes of maps of
an interval. A simple transformation of the points occurring in the cycles of the nth
w xiterate of the trapezodal map of the interval 0, 2 for n s 1, 2, . . . give all the
dyadic Conway numbers, in one-to-one correspondence with sequences, and the
inclusion of infinite iterates yields all the reals. The implication of this result is that
all such Conway numbers arise as fixed points of the trapezodal map, one-to-one
with the sequences that label uniquely these fixed points. However, because of
certain ``universality'' properties, the sequences themselves have application to and
significance for other maps of the interval. The various aspects of iteration theory
1 The U.S. Government's right to retain a nonexclusive royalty-free license in and to the
copyright covering this paper, for governmental purposes, is acknowledged. This work was
performed under the auspices of the U.S. Department of Energy.
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and its relation to the subset of real Conway numbers are discussed in some detail.
The question of whether the surreal Conway numbers have application to iteration
theory, hence, possibly to chaos, is left open. Q 1997 Academic Press
1. INTRODUCTION
In this paper, we establish a one-to-one correspondence between certain
w xof the numbers in the number system introduced by Conway 1 and
sequences of nonnegative integers:
 4a s a , a , a , . . . , a , each a g N s 1, 2, . . . , .0 1 2 k i q
i s 0, 1, . . . , k , k s 0, 1, . . . . 1.1 .
The conjugate of a is denoted by a and is defined by
a s ya , ya , ya , . . . , ya . 1.2 .  .0 1 2 k
 .Sequences of the form 1.1 are called positive sequences and those of the
 .form 1.2 negative sequences. Such sequences are indispensible for the
description of the inverse functions associated with certain maps of the
w xinterval 0, 2 into itself. These sequences provide a complete labeling of
the inverse functions, associated, for example, with the trapezoidal and
 w x.parabolic maps see 2, 3 . They are also in one-to-one correspondence
with words on two letters, taken to be R and L, after the classic paper
dealing with the relationship between such words and the cycles associated
w xwith maps of the interval 4 . This correspondence is given by
a s a , a , a , . . . , a ª RLa0y1 RLa1y1 ??? RLaky1 , .0 1 2 k
1.3 .
a a y1 a y10 1 ka s ya , ya , ya , . . . , ya ª L RL ??? RL . .0 1 2 k
Sequences of this type also label the points belonging to the cycles
w x  w xassociated with maps of the interval 0, 2 . Our choice of the interval 0, 2
w xover the unit interval 0, 1 avoids annoying factors of 1r2 in the general
theory, and since the use of different intervals yields topologically equiva-
w x .lent theories, generality is maintained with the interval 0, 2 . We review
briefly in Section 3 the iteration theory associated with such maps. In this
preliminary work, we deal only with a-sequences associated with the real
numbers. This already includes classes of infinite a-sequences, which have
w xa well-defined meaning 5, 6 . Since the theory of maps of the interval is
w xintimately related to chaos 7]11 , the suggestion is that Conway numbers
may have a deep connection with chaos theory, as well as general theories
w xof mappings in the complex plane 12 , where infinite sequences are basic.
Let us begin with some preliminary definitions and examples.
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 .The length of a positive sequence a s a , a , a , . . . , a or its negati¨ e0 1 2 k
a is defined by
l a s l a s k q 1. 1.4 .  .  .
 .  .The neutral sequence 0 of length l 0 s 0 may be adjoined to either end
of a sequence as many times as desired without changing the sequence;
that is, we identify as equal all such sequences:
a s 0, . . . , 0, a s 0, . . . , 0, a , a , a , . . . , a s a , 0, . . . , 0 .  .  .0 1 2 k
s a , a , a , . . . , a , 0, . . . , 0 , .0 1 2 k
and similarly for the negatives.
 .A total order relation in the set of sequences 1.1 and their negatives is
given by the following rule: Given any pair of such sequences, t and t X, we
 .first adjoin the neutral element 0 to the right end of the shorter of the
<  .  X. <sequences a number of times equal to l t y l t , or not at all should the
lengths be equal. We then consider the series obtained by alternating the
 .  X.signs of these modified series, which we denote by A t and A t . If the
 .  X.first nonzero term in the difference A t y A t is positive, we write
t ) t X; if the difference is negative, we write t - t X. We write t s t X, if
and only if the two sequences are identical. For example, applying this rule
 . X  .to the two positive sequences a s 1, 1, 2 and a s 1, 1, 2, 1 , we obtain
a ) a X, since
A a y A a X s 1, y1, 2, 0 y 1, y1, 2, y1 s 0, 0, 0, 1 . .  .  .  .  .
XSimilarly, a - a , since
XA a y A a s y1, 1, y2, 0 y y1, 1, y2, 1 s 0, 0, 0, y1 . .  .  .  .  .
Clearly, every positive sequence is greater than every negative sequence,
and quite generally,
X X Xa ) a implies a - a , each pair a , a of positive sequences.
 .By definition, every positive sequence is greater than 0 and every nega-
 .tive sequence is less than 0 .
It may seem strange to alternate the sign of the parts of a in defining
this order relation in place of the more familiar lexicographical rule of
ordering, for example, of standard tableaux. The alternation of signs is
essential for the interpretation of a-sequences associated with iteration
theory; it is associated with the property that certain functions labeled by
such sequences satisfy with certain restriction on the domain of defini-
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.   . .tion the same order relation see, for example, 1.17 below . The order
relation on a-sequences given here is equivalent to the one given by Collet
w xand Eckmann 11 .
 .  .The degree D a of a sequence a s a , a , a , . . . , a or its negati¨ e0 1 2 k
a is defined by
D a s D a s a q a q ??? qa . 1.5 .  .  .0 1 k
 .  .By convention, the sequence 0 is of even length and satisfies D 0 s 0
 .and l 0 s 0.
The importance of the concept of a lexical sequence cannot be overem-
 .phasized. A sequence a s a , a , . . . , a is said to be lexical if and only0 1 k
if it is greater than each of its right subsequences by definition, the
 . .sequence 0 is lexical :
a s a , a , . . . , a ) a , a , . . . , a , i s 1, 2, . . . , k . 1.6 .  .  .0 1 k i iq1 k
w xA lexical sequence is also known as a shift-maximal sequence 11 .
We define the set A to be the set of all positive sequences of degree nn
w x3 ,
A s a ¬ a is positive, D a s n , 1.7 4 .  .n
and the set A denotes the negatives of the elements in A . For example,n n
we have
A s 0 , A s 1 , A s 2 , 1, 1 , 4  4  4 .  .  .  .0 1 2
A s 3 , 2, 1 , 1, 1, 1 , 1, 2 , 4 .  .  .  .3
A s 4 , 3, 1 , 2, 1, 1 , 2, 2 , 1, 1, 2 , 1, 1, 1, 1 , 1, 2, 1 , 1, 3 , 4 .  .  .  .  .  .  .  .4
A s 5 , 4, 1 , 3, 1, 1 , 3, 2 , 2, 1, 2 , 2, 1, 1, 1 , 2, 2, 1 , 2, 3 ,  .  .  .  .  .  .  .  .5
1, 1, 3 , 1, 1, 2, 1 , 1, 1, 1, 1, 1 , 1, 1, 1, 2 , 1, 2, 2 , .  .  .  .  .
1, 2, 1, 1 , 1, 3, 1 , 1, 4 .4 .  .  .
 .  .  .  .  .The lexical sequences in these sets, respectively are 0 ; 1 ; 2 ; 3 , 2, 1 ;
 .  .  .  .  .  .  .  .4 , 3, 1 , 2, 1, 1 ; 5 , 4, 1 , 3, 1, 1 , 3, 2 , 2, 1, 1, 1 . The set A is the first6
to contain a lexical sequence in which the parts of the sequence are not
 .  .decreasing: 3, 1, 2 , 2, 1, 2, 1 . We have listed the elements in these sets by
order, greatest to least, as read from left to right. The cardinality of A isn
< < ny1 < < w xA s 2 , n G 1, A s 1. Brucks 5 has given a formula for then 0
cardinality of the lexicals contained in A .n
The set B is defined to be the set of positive sequences of degree F n:n
B s A j A j ??? j A . 1.8 .n 0 1 n
We next give the sets B , B , B , B , B , and B , listing the elements in0 1 2 3 4 5
order, greatest to least, as read left to right. Below each entry in the set,
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we also give the positive dyadic Conway number to which the sequence
corresponds, a positive dyadic Conway number being one of the form
 . c ca q 2b q 1 r2 , where a, b, c are nonnegative integers with 2b q 1 - 2 ,
and with the fractional term omitted for c s 0. The general correspon-
dence of sequences to the positive dyadic Conway numbers is given below
 .  .by 1.10 and 1.11 :
0 .B s ,0  50
1 0 .  .B s ,1  51 0
2 1 1, 1 0 .  .  .  .
B s ,2  52 1 1r2 0
3 2 2, 1 1 1, 1, 1 1, 1 1, 2 0 .  .  .  .  .  .  .  .
B s ,3  53 4r2 3r2 4r4 3r4 2r4 1r4 0
4 3 3, 1 2 2, 1, 1 2, 1 2, 2 1 .  .  .  .  .  .  .  .
B s4  4 6r2 5r2 8r4 7r4 6r4 5r4 8r8
1, 1, 2 1, 1, 1 1, 1, 1, 1 1, 1 1, 2, 1 .  .  .  .  .
7r8 6r8 5r8 4r8 3r8
1, 2 1, 3 0 .  .  .
,52r8 1r8 0
5 4 4, 1 3 3, 1, 1 3, 1 3, 2 .  .  .  .  .  .  .
B s5  5 8r2 7r2 12r4 11r4 10r4 9r4
2 2, 1, 2 2, 1, 1 2, 1, 1, 1 2, 1 2, 2, 1 .  .  .  .  .  .
16r8 15r8 14r8 13r8 12r8 11r8
2, 2 2, 3 1 1, 1, 3 1, 1, 2 1, 1, 2, 1 .  .  .  .  .  .
10r8 9r8 16r16 15r16 14r16 13r16
1, 1, 1 1, 1, 1, 1, 1 1, 1, 1, 1 1, 1, 1, 2 1, 1 .  .  .  .  .
12r16 11r16 10r16 9r16 8r16
1, 2, 2 1, 2, 1 1, 2, 1, 1 1, 2 1, 3, 1 .  .  .  .  .
7r16 6r16 5r16 4r16 3r16
1, 3 1, 4 0 .  .  .
.52r16 1r16 0
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The sets of negative sequences B , B , B , B , B , and B are obtained by0 1 2 3 4 5
placing a negative sign in front of all the entries in the above arrays. The
< < ncardinality of the set B is B s 2 . We have written these sets in such an n
way that the generalization to B is obvious and corresponds to Conway'sn
w x1 construction, step by step. Conway's inductive process constructs 0 on
 . ny1day 0 and on day n n ) 0 the 2 new dyadic numbers consisting of n
together with the 2 ny1 y 1 numbers given by
k q 2b q 1 r2 nyky1 , k s 0, 1, . . . , n y 2; b s 0, 1, . . . , 2 nyky2 y 1, .
empty for n s 1 . .
These are just the new numbers introduced when A is adjoined to B ton ny1
obtain B . We call these numbers dyadic Conway numbers. They aren
generated in the same order as in Conway's abstract scheme. Indeed, in
terms of Conway's abstract double set notation, each sequence a g A n
may be given in terms of unique sequences b g B and g g B byny1 ny1
 4a s b ¬ g , b - g with b adjacent to g in B and b - a - g in B .ny1 n
In terms of Conway's notation, one has x s a , b s x L, g s x R, x s
 L < R4x x . For example, we have that
x s 1, 1 s 0 ¬ 1 , x L s 0 g B , x R s 1 g B , x g A ; 4 .  .  .  .  .1 1 2
y s 2, 1, 1 s 2, 1 ¬ 2 , y L s 2, 1 g B , 4 .  .  .  . 3
y R s 2 g B , y g A . . 3 4
w xUsing Conway's formulas 1, p. 5 , one can now verify that
x q y s 2 ¬ 3, 1 s 3, 2 , 4 .  .  .
xy s 1, 1, 1 ¬ 1 s 1, 1, 2 . 4 .  .  .
 .In carrying out these calculations, one must already have proved that 0 is
 .the additive identity, and 1 is the multiplicative identity, as well as having
carried out the prior calculations
1, 1 q 2, 1, 1 s 3, 2 , 1, 1 q 2, 1 s 2 , .  .  .  .  .  .
1 q 2, 1, 1 s 3, 1, 1 , 1, 1 q 2 s 3, 1 , 1, 1 q 1, 1 s 1 , .  .  .  .  .  .  .  .  .
2, 1, 1 q 1, 1 2 y 1 2 s 1, 1, 1 . .  .  .  .  .  .
Also, the following identification of symbols is to be made:
 X X 4  4 X Xb , b ¬ g , g s b ¬ g , for b - b , g - g .
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One could follow through with the development of these rules, but we
find it easier to develop the properties of dyadic Conway numbers more in
 .the spirit of Kruskal's interpretation see Remark 4 .
The dyadic Conway number corresponding to the general positive se-
quence
a s a , a , a , . . . , a g B 1.9 .  .0 1 2 k n
is given by
 :a s a , a , a , . . . , a ª a s f a ; z ¬ , 1.10 .  .  .0 1 2 k zs2
 . <where the number f a ; z is the value at z s 2 of the functionzs2
defined on the positive variable z by
f a ; z s a , k s 0, .0 0
1
f a , a ; z s a y 1 q , k s 1, .0 1 0 a1z
2 2 2
f a ; z s a y 1 q y q y ??? . 0 a a qa a qa qa1 1 2 1 2 3z z z
1.11 .
k kq12 y1 y1 .  .
q q , k G 2.
a q ? ? ? qa a q ? ? ? qa1 ky1 1 kz z
Thus, the positive dyadic Conway numbers are given by
 :a s a , k s 0,0 0
1
 :a , a s a y 1 q , k s 1,0 1 0 a12
2 2 2
 :a , a , . . . , a s a y 1 q y q y ???0 1 k 0 a a qa a qa qa1 1 2 1 2 32 2 2
1.12 .
k kq12 y1 y1 .  .
q q , k G 2.
a q ? ? ? qa a q ? ? ? qa1 ky1 1 k2 2
 .We have given the general dependence of the functions f a ; z on z in
w x1.11 in order to relate these functions to a class of similar functions that
 .are basic to the study of cycles of the trapezodial map of the interval 0, 2 .
The occurrence of z s 2 is in many ways striking, since this value has a
certain ``universal'' significance for maps of the interval, as discussed in
the remarks.
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 . w xThe trapezoidal functions c a ; z were introduced in 2 and are
defined by
1
c a ; z s 2 y , k s 0, .0 a 0z
2 2
c a ; z s 2 y q y ??? . a a qa0 0 1z z 1.13 .
k kq12 y1 y1 .  .
q q , k G 1.
a qa q ? ? ? qa a qa q ? ? ? qa0 1 ky1 0 1 kz z
w xThese functions and their properties as given in 2 are key results for
developing the theory of cycles for the trapezoidal map of the interval
 .0, 2 . This is shown below in Section 3. The general relation of the
 .  .function f a ; z to the c a ; z is
a0f a ; z s a q 1 q z c a ; z y 2 . 1.14 .  .  .0
For negative sequences, we have the relation this is not ad hoc; see
.Section 3
c a ; z s 2 y c a ; z 1.15 .  .  .
and, correspondingly, define
a0f a ; z s ya y 1 q z c a ; z s yf a ; z . 1.16 .  .  .  .0
w x  w x.It is proved in 2 see also 3 that the order relation between se-
quences implies an order relation between functions:
a ) b implies c a ; z ) c b ; z for z ) z a , b , 1.17 .  .  .  .
 .where z a , b - 2 is a real number depending on the sequences a and b.
 .It is this property and relation 1.14 that accounts for the fact that dyadic
Conway numbers obey the same order relation as the corresponding
sequences.
The a-sequences introduced above occur in iteration theory in many
different guises, for example, in labeling the general trapezoidal functions
 . w x  .  .F a ; x 2, p. 192 and the parabolic functions, C a ; x see Section 3 .z z
For this reason, we distinguish sequences and corresponding numbers and
 :denote the number corresponding to a by placing a bracket around it,
as already done above:
 : <  :  :a ª a s f a ; z ; a ª a s y a . 1.18 .  .zs2
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 .From 1.17 , we then have that
 :  :  :  :a ) b implies a ) b , a - b , a - b . 1.19 .
The numbers below the sequences in the above B arrays are the Conwayn
 :numbers a for the cases given.
It is also convenient to define the number $ a % by
$ a %s c a ; z ¬ . 1.20 .  .zs2
 :The one-to-one relation between the numbers a and $ a % and their
 .  .conjugates is then obtained from 1.14 ] 1.16 :
 : a0a s a q 1 q 2 $ a % y2 , .0
 :a y a y 10$ a % s 2 q ,
a02 1.21 .
$ a % s 2 y $ a % ,
 :  :a s y a .
 .There are two questions that occur immediately: i Is every real number
 .realizable uniquely as a series of the form 1.12 , finite or infinite, such
 .  .  .that the correspondence 1.18 with the property 1.19 makes sense? ii
Can an unambiguous meaning be assigned to a-sequences, using the order
relation defined above, such that one obtains the Conway surreal num-
bers? The answer to the first question is yes, and its demonstration
depends on the expansion of the real numbers in terms of alternating
binary series instead of the more familiar one giving the binary numbers.
This is described in Sections 2 and 4. That the answer to the second
 .question is also yes is suggested by the work of Kruskal see Remark 4 .
Let us illustrate this by an example. For the natural integers, we have the
correspondences
 :  :1 ª R ª 1 s 1, 2 ª RL ª 2 s 2, . . . , .  .
ny1  : v  :n ª RL ª n s n , . . . , v ª RL ª v s v , .  .
and the order relation on the sequences agrees with the order relation on
the integers. From the order relation on sequences, we have
1 ) 1, 1 ) 1, 2 ) ??? ) 1, n ) ??? ) 1, v ) ??? ) 0 . .  .  .  .  .  .
 .Kruskal's number iota is therefore identified with the a-sequence 1, v :
i s 1, v ª RRLv . .
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At the risk of being trivial, it is important to note that i is the sequence
 .  :  .1, v and not the number 1, v s 0, where we note from 1.12 that
 : n 1, n s 1r2 . That the sequences themselves are the basic entities
serving as candidates for representing surreal numbers is clear from
.Kruskal's work, as emphasized to the author by W. A. Beyer.
Our purpose here is not to answer fully the questions posed by the
surreal numbers, but rather to show how a-sequences arise in iteration
w xtheory of maps of the interval 0, 2 , to demonstrate how one obtains from
the trapezoidal map the subset of real numbers in the Conway scheme and
their correspondence with a-sequences, and to show that all such numbers
$ a % occur as points in a cycle of the trapezoidal map, hence, as fixed
points in some iterate of this map. The suggestion is, then, that the surreal
Conway numbers may have a significance for maps of the interval, hence,
for chaos theory, but this is not demonstrated.
It is already a remarkable result that the method of building up the
dyadic Conway numbers inductively from the set B by adjoining A to0 1
obtain B , then adjoining A to B to obtain B , . . . , then adjoining A to1 2 1 2 n
B to obtain B , . . . is exactly the procedure used in iteration theory tony1 n
build the inverse graph Gn from the lower order graphs G0, G1, . . . , Gny1z z z z
 w x.see Section 3 and 3 . In this general graph, the sequences in B labelny1
the boundaries between which lie the functions constituting the graph,
which are themselves labeled by the sequences in A . This is illustrated forn
 w x.the parabolic map in Figs. 1]3 see Section 3 and 3 .
 .  .  .FIG. 1. The sequence 0 . The sequence 0 labels the line u x s 1 and represents the0.
 .  .  .4boundary between a pair of empty graphs: 0 s B ¬ B .
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 .  .  .  .FIG. 2. The sequences 1 and y1 . The sequences 1 and y1 label the graphs of the
 .  .  .functions u x s 1 q 1 y xr2 and u x s 1 y 1 y xr2 , and 0 labels the bound-’ ’1. y1.
 .  .  .  .  .  .4  .ary between these graphs, that is, u x s u 2 s u 2 s 1: 1 s 0 ¬ B , y1 s0. 1. y1.
 .  .4B ¬ 0 .
For the present paper, it is important to give a direct method, which is
consistent and unambiguous, for adding and multiplying a-sequences
corresponding to the dyadic Conway numbers. We next give these special
rules.
2. ADDITION AND MULTIPLICATION RULES FOR
SEQUENCES CORRESPONDING TO DYADIC
CONWAY NUMBERS
 :  .  .Each number a , l a G 2, given by 1.12 can be written in the form
2 s q 1
t :a s r q , r , s, t nonnegative integers with 2 s q 1 - 2 .t2
2.1 .
Conversely, each number of the form of the right-hand side of this
relation, that is, each dyadic number, defines a unique sequence a such
 :  .that a is given by relation 1.12 . Thus, the set of a-sequences is
one-to-one with the set of dyadic Conway numbers. To determine the
sequence a , we proceed as follows. The odd number 2 s q 1 is first written
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 .  .  .  .FIG. 3. The sequences 2 , 1, 1 , y1, y1 , y2 . These sequences label, respectively, the
functions u s u (u , u s u (u , u s u (u , u s u (u ,2. 1. y1. 1, 1. 1. 1. y1, y1. y1. 1. y2. y1. y1.
 .  .  .and the sequences occurring earlier, 1 , 0 , y1 , label the boundaries between these graphs,
’ .  .  .  .  .  .  .that is u x s u 2 s u 2 s 2 q 2 r2; u x s u 0 s u 0 s 1;1. 2. 1, 1. 0. 1, 1. y1, y1.
’ .  .  .  .  .  . < .4  .  .  .4  .u x s u 2 s u 2 s 2 y 2 r2: 2 s 1 B , 1, 1 s 0 ¬ 1 , y1, y1y1. y1, y1. y2.
 .  .4  .  .  .4s y1 ¬ 0 , y2 s B ¬ y1 .
as an alternating sum of powers of 2:
1 s 20 , 3 s 22 y 20 , 5 s 23 y 22 q 20 , 7 s 23 y 20 ,
9 s 24 y 23 q 20 , 11 s 24 y 23 q 22 y 20 , 13 s 24 y 22 q 20 , 2.2 .
15 s 24 y 20 , 17 s 25 y 24 q 20 , . . . .
Since each odd number 2 s q 1 can be written in the form
2 s q 1 s 2 s q 1 s 2 q1 y 2 s q 1 , s s s ) 0, .1 2 1
where q is the smallest positive integer such that 2 q1 ) 2 s q 1 and1 1
s - s , every odd integer can be written as an alternating series in powers2 1
of 2 for some positive integers k G 2, q , q , . . . , q with q ) q ) ???1 2 ky1 1 2
) q ) 0:ky1
k kq1q q q q 01 2 3 ky12 s q 1 s 2 y 2 q 2 q ??? q y1 2 q y1 2 , k G 2. .  .
2.3 .
The integer q is the smallest positive integer such that 2 q1 ) 2 s q 1, q1 1 2
is the smallest positive integer such that 2 q2 ) 2 s q 1, etc. In this way, we2
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determine that the sequence a is given uniquely by
a s r q 1, t y q q 1, q y q , q y q , . . . , 1 1 2 2 3
q y q , q y 1 , k ) 2,.ky2 ky1 ky1
2.4 .
a s r q 1, t y q q 1, q y 1 , k s 2, .1 1
a s r q 1, t , k s 1. .
Addition and multiplication rules for a-sequences of arbitrary, but
finite, length may be defined from the ordinary addition of the correspond-
 :  :ing dyadic Conway numbers. We calculate the number a q b by
 .using the correspondence 1.18 and then determining the sequence g
 :  :  :using the rules above, thus obtaining g s a q b . We then write
a q b s g . 2.5 .
In this way, we find:
a q b s a q b , .  .  .0 0 0 0
a q b , b , . . . s b , b , . . . q a .  .  .  .0 0 1 0 1 0
s a q b , b , . . . , 2.6 .  .0 0 1
1, 1 q 1, 1 s 1 , .  .  .
a q b s b q a s g , l a G 2, l b G 2, a and b not both 1, 1 . .  .  .
2.7 .
One uses the same method to define multiplication of two sequences
and the addition of a positive sequence and a negative sequence, or the
addition of two negative sequences, where it is clear that the multiplicative
 .  .identity is the sequence 1 , the additive identity is the sequence 0 , and
 :  :that a s y a . The general method is clear from the simple examples
3, 2 2, 1, 1 s 4, 1, 3 , since 9r4 y7r4 s y 3 q 15r16 .  .  .  .  .  .
 :s y 4, 1, 3 ;
 :3, 2 q 2, 1, 1 s 1, 1 , since 9r4 q y7r4 s 1r2 s 1, 1 . .  .  .  .
It is evident that the numbers $ b % , b g B , n s 0, 1, . . . are them-n
selves dyadic Conway numbers with the property 1 F$ b %- 2. For
example, we have
 :  :  :$ 0 %s 1 , $ 1 %s 2, 1 , $ 2, 1 %s 2, 1, 1, 1 .
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One may, of course, consider infinite a-sequences. This has been done,
w x w xfor example, by Brucks 5 and Lichiang and Helmberg 6 . An example of
an infinite series result is
2
f a , 1, 1, . . . ; z s a y 1 q . . .0 0 z q 1
2.8 .
1
 :a , 1, 1, . . . s a y , a s 1, 2, 3, . . . .0 0 03
This result is obtained easily because it only entails summing an infinite
geometric series. We consider in Section 4 other infinite series results and
give the construction of the sequence for an arbitrary real number. These
 :results could be derived directly from the definition of a , but it is
simpler to use the techniques involving concatenation of sequences derived
in the next two section, and their derivation is deferred to Section 4.
3. ITERATION OF MAPS AND a-SEQUENCES
The purpose of this section is to present qualitatively various aspects of
w xseveral maps of the interval 0, 2 to illustrate how a-sequences enter into
their description.
 .For this purpose, it is sufficient to consider functions f x dependingz
 .on an arbitrary positive real parameter z g 1, ` and a real variable
w x  .  .x g 0, 2 with f 0 s f 2 s 0 that are concave downward in the intervals
 .  .0, 1 and 1, 2 with a critical point at x s 1 and are symmetric about the
 .  .line x s 1. We admit also the line pair z x and z 2 y x see Fig. 4 . The
line y s ez limits the top of the graph to the maximal value of ez , where
 x w xe is a second positive parameter such that e g 0, 1 , ez g 2 y a, 2 , each
w .z g 1, ` , where the positive number a is determined uniquely from the
 .  xconditions f a s ez , a g 0, 1 . The inverse graph then has the proper-z
 .  .ties shown in Fig. 5, where the inverse functions u 1; x and u y1; xz z
satisfy
u 1; x q u y1; x s 2, .  .z z
f u 1; x s f 2 y u 1; x s x , 3.1 .  .  .  .z z z z
f u y1; x s f 2 y u y1; x s x , .  .  .z z z z
w xfor all x g 0, z .
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FIG. 4. Qualitative graph. Depicted is the general function for which cycles are consid-
 x w . w x  .ered, where e g 0, 1 , z g 1, ` , ez g 2 y a, 2 . The point a is determined by f a s ez .z
We give explicitly the function defining the graph for the trapezoid and
the ``flat-top'' parabola:
trapezoid:
z x , for 0 F x F e¡~ez , for e F x F 2 y et e ; x s 3.2 .  .z ¢§ 2 y x , for 2 y e F x F 2, .
 .where the domain of the parameter pair e, z is given by
1, 2r 1 q z , for 1 F z F 2 . .
z g 1, ` , e g 3.3.  . 2rz , 2r 1 q z , for z G 2; . .
flat-top parabola:
¡ ’z x 2 y x , for 0 F x F a, a s 1 y 1 y e .~p e ; x s 3.4ez , for a F x F 2 y a .  .z ¢z x 2 y x , for 2 y a F x F 2, .
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FIG. 5. Inverse graph. Depicted is the graph that is inverse to the one shown in Fig. 1 and
 .obtained from it by reflection through the line y s x. The inverse functions to f x andz
 .  .  .f 2 y x are denoted, respectively, by u 1; x and u y1; x .z z z
 .where the domain of the parameter pair e, z is given by
1, 2rz y 1rz 2 , for 1 - z F 2 .
z g 1, ` , e g 3.5 .  .2 2rz , 2rz y 1rz , for z G 2. .
The limiting case e s 1 for the trapezoid gives the triangle or ``tent'' map,
while for the flat-top parabola it gives the ``full'' parabola with no flat-top.
w xFurther references to the trapezoidal map are Brucks 5 , Beyer and Stein
w x w x14 , and Wang and Kazarinoff 15 .
The inverse functions for the trapezoid and flat-top parabola are given,
respectively, by
u 1; x s 2 y xrz , .  .z
u y1; x s xrz , 0 F x F z ; .z
’u 1; x s 1 q 1 y xrz , .  .z
3.6 .
’u y1; x s 1 y 1 y xrz , 0 F x F z . .  .z
With these preliminary results, we can now explain and demonstrate the
occurrence of a-sequences in iteration theory.
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In order to keep the notation for function composition unencumbered,
 .we suppress the z-dependence of the functions defined by 3.6 and write
u x s u 1; x u x s u y1; x . 3.7 .  .  .  .  .1 z y1 z
The n-fold composition of this pair of functions in all possible ways gives
the 2 n functions defined by
u x s u (u ( ??? (u x , each s g S , 3.8 .  .  .  .s s s s n1 2 n
where S denotes the abelian group defined byn
S s s , s , . . . , s ¬ each s s "1 , 3.9 4 .  .n 1 2 n i
where group multiplication is componentwise multiplication. The order of
S is 2 n, and S is isomorphic to the n-fold direct product of then n
symmetric group S . The set of functions2
u x ¬ s g S 3.10 4 .  .s n
contains the functions needed to describe the inverse graph of the graph of
the nth iterate of
f n. x s f ( f ( ??? ( f x , n compositions, 3.11 .  .  . .z z z z
with properties defined above, in particular, for the trapezoidal and
 .  .parabolic functions defined by 3.2 ] 3.6 . We discuss the construction of
the inverse graph in more detail below.
We can now describe how a-sequences enter into the description of the
 .inverse function set 3.10 . For each a g A , we define the conjugate a ofn
 .a by a s ya , ya , . . . , ya and the set conjugate to A by1 2 k n
 4A s a ¬ a g A . 3.12 .n n
Since the cardinality of A is 2 ny1, that of the set T defined byn n
T s A j A 3.13 .n n n
is 2 n. Similarly, we define the set U
U s B j B s T j T j ??? j T 3.14 .n n n 0 1 n
nq1   ..of cardinality 2 y 1 T contains the single element 0 . We next0
introduce a bijective mapping f: T ª S . For each a g A , we definen n n
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 .  .f a g S and f a g S byn n
f a s s s 1, y1a0y1 , 1, y1a1y1 , . . . , 1, y1aky1 , .  .
3.15 .
a a y1 a y10 1 kf a s s s y1 , 1, y1 , . . . , 1, y1 . .  .
The notation y1m for m a nonnegative integer denotes that y1 is
 0 .  .repeated m times y1 denotes no occurrence of y1 . The map 3.15 is
 .obtained from the correspondence 1.3 and R ª 1, L ª y1. We now
define
U a ; x s u x , each s s f a with first part 1, .  .  .z f a .
3.16 .
U a ; x s u x , each s s f a with first part y1, .  .  .z f a .
where we have restored the z-dependence in defining the U-functions. In
this way, we obtain the set of inverse functions
U t ; x ¬ t g T , 3.17 .  . 4z n
where each function in this set satisfies
f n. U t ; x s x , each t g T . 3.18 .  . .z z n
These functions also satisfy the relation
U a ; x q U a ; x s 2, a g A , 3.19 .  .  .z z n
 .We next give explicitly the functions in the set 3.17 for the trapezoidal
 .and parabolic maps defined by 3.6 :
trapezoid:
u 1; x s 2 y xrz , u y1; x s xrz , 0 F x F z . .  .  .z z
 .l ay1 x y 1 .  .
F a ; x s U a ; x s c a ; z q , 3.20 .  .  .  .z z Da .z
each a g A , n s 0, 1, 2, . . . ,n
 .  .where c a ; z is defined by 1.13 , and therefore
F a ; 1 s c a ; z , 3.21 .  .  .z
$ a % s F a ; 1 ; 3.22 .  .2
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parabola:
’u 1; x s 1 q 1 y xrz , .  .z
’u y1; x s 1 y 1 y xrz , 0 F x F z . .  .z
 .U s ; xz
1 1 1 x
  s 1qs 1y 1qs 1y 1qs . . . 1y 1qs 1y ,1 2 3 n) ) () (z z z z
3.23 .
 .  .C a ; x s U x , each a g A , n s 0, 1, 2, . . . . 3.24 .z f a . n
The functions corresponding to the conjugate sequences are given by
F a ; x q F a ; x s 2; .  .z z
3.25 .
C a ; x q C a ; x s 2. .  .z z
 .Relation 3.20 is the equation of a straight line through the point
  ..  . la . Da .1, c a ; z with slope y1 rz . A great ad¨antage of considering the
 .  w x.in¨erse functions 3.20 is that they do not depend on the parameter e see 2 .
 .In general, a quantity under a radical symbol in 3.23 is complex; that is,
 .each function U s ; x is, in general, a complex-valued function of the realz
parameter z and the real variable x. In order that this function be
 .unambiguously defined, we choose the square root a, b of a complex
 .number a , b to have a ) 0 if a / 0 or b ) 0 if a s 0. Since all possible
 . ny1choices of signs are taken into account in 3.23 , altogether there are 2
unique functions defined.
It is nontrivial to describe the inverse graph to the graph defined by
n n w xH s x , f x ¬ x g 0, 2 . 3.26 .  . 5 .z z
The inverse graph, which we denote by Gn, is constituted of a union ofz
subgraphs defined by
Gn a s x , U a ; x , a g A , 3.27 .  .  . 4 .z z n
nG a s x , U a ; x s x , 2 y U a : x , a g A , 3.28 .  .  .  . 4  4 .  .z z z n
whenever these sets of pairs of number are real and otherwise make sense.
 .Indeed, the problem of constructing the graph inverse to 3.26 is precisely
that of determining, for each parameter value z , the domain of definition
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 .of each of the functions U a ; x such that the subgraphs can be ``pasted''z
together, along with various vertical line segments to constitute the graph
 .inverse to 3.26 . This is a sizeable task. It has been solved for the full
w x w xparabola in 3 and 13 .
It is not our purpose here to give the details of the construction of the
inverse graph, which is the generalization of Figs. 1]3 to arbitrary n and z ,
but rather to note how a-sequences enter into their description. It is
important to point out, however, that for parameter value z s 2, all 2 ny1
 .  w x.subgraphs 3.27 and their conjugates are present see 2, 3 . Indeed, for
this parameter value the trapezoid and parabola maps are topologically
 .equivalent see Remark 2 .
Of great significance for iteration theory is the concatenation properties
of a-sequences, which correspond to composition of functions. This has its
origin in the general identity corresponding to juxtaposition ss X of
s g S , s X g S X , hence, ss X belongs to the direct product group S =n n n
S X:n
u X x s u (u X x . 3.29 .  .  .  .ss s s
 .This relation is easily proved from 3.8 . Applied to the trapezoidal and
 .  .  .parabolic functions 3.20 and 3.24 , relation 3.29 takes the forms,
respectively, given by
F ab ; x s F a ; F b ; x , 3.30 .  .  . .z z z
C ab ; x s C a ; C b ; x . 3.31 .  .  . .z z z
These relations apply to both positive and negative sequences; hence, it is
important to know the rules for obtaining such products as a single
sequence. This is most readily accomplished by juxtaposing the relevant
 .LR-sequences, using 1.3 , and then reading off the relevant new a-se-
 .quence, again using 1.3 . This gives the following results for sequences,
 .  .where a s a , a , . . . , a , b s b , b , . . . , b are positive sequences:0 1 i 0 1 j
ab s a , a , . . . , a , b , b , . . . , b , .0 1 i 0 1 j
ab s a , a , . . . , a , a q b , b , . . . , b , .0 1 iy1 i 0 1 j
ab s ya , ya , . . . , ya , yb , yb , . . . , yb , .0 1 i 0 1 j
3.32 .
ab s ya , ya , . . . , ya , ya y b , yb , . . . , yb . .0 1 iy1 i 0 1 j
 .  .  .Relations 3.30 and 3.31 hold for all products in 3.32 , making the
obvious changes.
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Let us next establish the relation of a-sequences to cycles and fixed
 . w x w xpoints. An m-cycle X z of the map f : 0, 2 ª 0, 2 is defined to be am z
set of m distinct points
X z s x z , x z , . . . , x z 3.33 4 .  .  .  .  .m 1 2 m
related by
x s f x , i s 1, 2, . . . , m , x s x . 3.34 .  .iq1 z i mq1 1
m. .Each point in a such a cycle is then a fixed point of f x :z
f m. x s x , i s 1, 2, . . . , m. .z i i
It follows that the problem of determining all cycles of the map f is thatz
n. .of partitioning the set of fixed points of f x into cycles for n s 1, 2, . . . .z
w .  .Thus, if for each z g 1, ` , we define the set I z byn
w x n.I z s x g 0, 2 ¬ f x s x , 3.35 .  .  . 4n z
we must effect the decomposition
I z s X  s. z , 3.36 .  .  .D Dn m
sm¬n
where m ¬ n denotes that m divides n, and the superscripts enumerate
disjoint cycles of the same length m. The important point here is that the
 s. .elements of each of the sets X z are enumerated by a-sequences, as wem
describe below.
It is worth noting that the well-known Mobius formulas apply to theÈ
 .cardinality of the sets appearing in 3.36 . Thus, we have
< < nI z s mN z , 3.37 .  .  .n m
m¬n
1
n < <N z s m r I z , 3.38 .  .  .  .m m r rm r¬m
n .   ..where N z denotes the number of m cycles the range of s in 3.36 ,m
 . and m r denotes the Mobius function defined for each r g N theÈ q
.positive integers by
1 if r s 1¡
l~m r s y1 if r is a product of l distinct primes 1 not counted .  .  .¢0 if r is divisible by a square.
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 .The detailed description of exactly which cycles enter into relation 3.36
for each value of z is deceptively complicated; preliminary results are
w x w xgiven in 3 , and the complete solution has now been obtained 13 for the
full parabolic map.
We can now give the relation of the dyadic Conway numbers to a cycle
 .of finite length of the trapezoidal map of the interval 0, 2 . For this, the
 .concept of a lexical sequence defined by 1.6 is crucial. Thus, let a be a
lexical sequence with the correspondence to the LR-sequence given by
 .1.3
a s a , a , a , . . . , a ª RLa0y1 RLa1y1 ??? RLaky1 . .0 1 2 k
We now read off all of the right subwords of this LR-word by dropping
single letters from the left end, writing, in turn, the a-sequence for the
 .sequence that remains, using the generic result 1.3 for this latter identifi-
cation. The set of a-sequences thus obtained is recorded left to right in
the set of sequences C defined bya
¡ a , a , . . . , a , ya q1,ya , . . . ,ya , . . . , y2,ya , . . . ,ya , .  .  .0 1 k 0 1 k 1 k
y1,ya , . . . ,ya , .1 k
a , . . . , a , ya q1,ya , . . . ,ya , . . . , y2, ya , . . . , ya , .  .  .1 k 1 2 k 2 k~ y1,ya , . . . ,ya , .C s 2 ka ...
a , a , ya q 1, ya , . . . , y2, ya , y1, ya , .  .  .  .ky1 k ky1 k k k¢ a , ya q 1 , . . . , y2, , y1 . .  .  .  .k k
3.39 .
 .The jth row j s 0, 1, . . . , k in this set contains only the first element
< <  .should a s 1. The cardinality of this set is C s D a . For example,j a
 .  .from the lexical sequences, 2, 1, 1 and 3, 2 , we obtain
2, 1, 1 ª RLRR: .
C s 2, 1, 1 , y1, y1, y1 , 1, 1 , 1 ; 4 .  .  .  .2, 1, 1.
3, 2 ª RL2RL: .
3.40 .
C s 3, 2 , y2, y2 , y1, y2 , 2 , y1 . 4 .  .  .  .  .3, 2.
We next form the set of points given by
X s c b ; 2 ¬ b g C , 3.41 4 .  .a a
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FIG. 6. General cycle of the trapezoidal map with parameter value z s 2. Each lexical
 .  .   .sequence a of degree D a determines a cycle containing D a points given by c b ; 2 ¬ b
4g C . These points are distributed to the left and right of the midpoint 1 in accordance witha
the LR-sequence corresponding to a . Each point in the cycle is a dyadic Conway number
 .between 0 and 2. Only trapezoids with heights c a ; 2 , a lexical, yield such closed cycles.
where the c functions in this set are to be written in the same order as
w xgiven in C . The result proved in 2 is that the set of points X , writtena a
now as a sequence of points, is a cycle of the trapezoidal map containing
 .  .D a points and characterized by the parameters z s 2, e s c a ; 2 r2.
This generic trapezoid is shown in Fig. 6. Moreover, the second result that
w x  .is proved 2, p. 111, Theorem 7 uniqueness theorem is that this is the
 .only trapezoid yielding a cycle containing the point c a ; 2 . This state-
ment is true for every lexical sequence, and for no other sequences. Since
 .  .every nonlexical one that is not lexical sequence g s g , g , . . . , g0 1 j
 .occurs as the right sequence of the lexical sequence a s a , g , . . . , g ,0 0 j
 .  .a ) max g , . . . , g , and since c g ; 2 occurs in the cycle X , it follows0 0 j a
that e¨ery dyadic Conway number is obtained from a point in some cycle
 .  .3.41 , using 1.21 .
 .The four points in the cycle associated with the lexical sequences 2, 1, 1
 .are shown in Fig. 7. The points in the cycle X are found from 1.132, 1, 1.
 .and 1.15 to be
$ 2, 1, 1 % s c 2, 1, 1 ; 2 s 27r16, . .
$ y1, y1, y1 % s c y1, y1, y1 ; 2 s 5r8, . .
$ 1, 1 % s c 1, 1 ; 2 s 5r4, $ 1 %s c 1 ; 2 s 3r2, .  . .  .
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 .FIG. 7. The cycle associated with $ 2, 1, 1 %s c 2, 1, 1; 2 . The four points in the cycle
 .associated with the lexical sequence 2, 1, 1 and parameter value z s 2 are given by the
dyadic Conway numbers x s$ 2, 1, 1 %s 27r16, x s$ y1, y1, y1 %s 5r8, x s1 2 3
$ 1, 1 %s 5r4, x s$ 1 %s 3r2, corresponding to the lexical LR-sequence RLRR and its4
right subsequences LRR, RR, R. The points have the right, left, right, right distribution
around the midpoint 1 in accordance with the lexical sequence RLRR.
 .  .which when used in 1.14 and 1.16 yield the dyadic Conway numbers
 :  :  :  :2, 1, 1 s 7r4, y 1, y1, y1 s y3r4, 1, 1 s 1r2, 1 s 1.
Similarly, for the five points in the cycle X associated with the lexical3, 2.
 .  .sequences 3, 2 , we obtain see Fig. 8 :
$ 3, 2 % s c 3, 2 ; 2 s 57r32, . .
$ y2, y2 % s c y2, y2 ; 2 s 7r16, . .
$ y1, y2 % s c y1, y2 ; 2 s 7r8, . .
$ 2 % s c 2 ; 2 s 7r4, $ y1 %s c y1 ; 2 s 1r2; .  . .  .
 :  :  :3, 2 s 9r4, y 2, y2 s y5r4, y 1, y2 s y1r4,
 :  :2 s 2, y 1 s y1.
 .All dyadic Conway numbers are obtained by the simple formulas 1.21
from fixed points of the trapezoidal map with slope parameter 2 and height
 .c a ; 2 , where a is a lexical sequence.
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 .FIG. 8. The cycle associated with $ 3, 2 %s c 3, 2; 2 . The five points in the cycle
 .associated with the lexical sequence 3, 2 and parameter value z s 2 are given by the dyadic
Conway numbers x s$ 3, 2 %s 57r32, x s$ 2, y2 %s 7r16, x s$ y1, y2 %s 7r8,1 2 3
x s$ 2 %s 7r4, x s$ y1 %s 1r2, corresponding to the lexical L-sequences RLLRL4 5
and its right subsequences LLRL, LRL, RL, L. These points have the right, left, left, right,
left distribution around the midpoint 1 in accordance with the lexical sequence RLLRL.
As noted earlier, the points in the cycles X and X are also2, 1, 1. 3, 2.
dyadic Conway numbers:
 :  :  :  : 4X s 2, 1, 1, 1, 1 , 1, 1, 1, 1 , 2, 2 , 2, 1 ,2, 1, 1.
 :  :  :  :  : 4X s 2, 1, 2, 2 , 1, 2, 2 , 1, 1, 2 , 2, 1, 1 , 1, 1 .3, 2.
4. INFINITE SEQUENCES CORRESPONDING TO THE REALS
 .  .The concatenation relation 3.30 and relation 3.22 give
 .l ay1 .
$ ab %s$ a % q $ b % y1 4.1 .  .Da .2
for arbitrary positive sequences a and b. This result, in turn, gives
 .l ay1 .
$ a , a , . . . %s$ a % q $ a , a , . . . % y1 ; .Da .2
that is,
 .1ql aDa .2 $ a % q y1 .
$ a , a , . . . %s , 4.2 . .1ql aDa .2 q y1 .
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in which a is a positive sequence of finite length repeated indefinitely.
 .Changing a to b in this last result and substituting back into 4.1 in
which b is repeated indefinitely gives
 .l a D b .y1 2 .
$ a , b , b , . . . %s$ a % q $ b % y1 . . .1ql bDa . D b .2 2 q y1 . .
4.3 .
 .  .  .Using 1.21 , relations 4.1 ] 4.3 transcribe to the following ones in
terms of Conway numbers:
 .l ay1 .
b0 :  :  :ab s a q b y b y 1 q 2 , 4.4 . .0b ya qDa .0 02
 .1ql aDa . a 0 :2 a q y1 a q 1 y 2 .  .0 :a , a , . . . s , 4.5 . .1ql aDa .2 q y1 .
 .l a yb qD b .0y1 2 .
 :  :a , b , b , . . . s a q  .1ql bya qDa . D b .02 2 q y1 . .
=  : b0b y b y 1 q 2 . 4.6 . .0
These relations do not yet give the general real. To obtain the reals, we
use the decomposition of a power of 10 given by
10 m s 2 n y 2 r 2 s q 1 , 4.7 .  .
where m is a positive integer, and for each such m, the integer n is the
smallest positive integer such that 10 m - 2 n, and for n so determined, the
integer r is the number of times 2 divides 2 n y 10 m and satisfies r - n.
We then have that
y1ym yn t10 s 2 1 y 2 s q 1 r2 , t s n y r G 1. 4.8 .  .
 : n  :  . t  . Since 1, n s 1r2 and a s 2 s q 1 r2 is given by 2.4 setting
.r s 0 in that relation , we have that
`
kym  :  :  :  :10 s 1, n r 1 y a s 1, n a . 4.9 .  .
ks0
Correspondingly, we have that the sequence g such that
 : mg s 1r10 , m s 1, 2, . . . , 4.10 .
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is given by
`
kg s 1, n a . 4.11 .  .
ks0
Since the sequences on the right-hand side of this result are dyadic, the
multiplication is well-defined, and the sequence g is uniquely determined
 .by 4.11 . We can also find, for example, the sequence corresponding to
 .  .  .1r10 directly from 4.6 above, using a s 1, 4 and b s 2 . Thus
 :1, 4, 2, 2, . . . s 1r10.
 .From 4.11 and the decimal expansion of an arbitrary real number b
between 0 and 1, we conclude that there exists a unique sequence b such
that
 :b s b , 0 - b - 1. 4.12 .
 .and, from the addition rule 2.6 , that there exists a unique a-sequence
corresponding to every real positive number. The explicit identification of
this sequence for an arbitrary real is, no doubt, quite difficult.
 .A formula similar to 4.11 can be given for the rationals alone, which
does not utilize the decimal expansion. The key result needed is the
following. One writes
2 s q 1 s 2 q y 2k q 1 , .
where q is the smallest integer such that 2 s q 1 - 2 q, and k is a positive
 :  :integer k - s. Using the dyadic sequences a and r given by a s 1, q
q  :  . qs 1r2 , r s 2k q 1 r2 and writing
`
k :  :  :  :  :g s 1r 2 s q 1 s 1, q r 1 y r s 1, q r , .  . 
ks0
 .one obtains a formula of the form 4.11 for g . This result, in turn, may be
used to develop a formula for the general rational as an expansion in
terms of dyadic sequences.
 .  .One can also obtain many special results directly form 4.4 ] 4.6 . For
 .example, from 4.6 , we verify directly that
 :  : ny21, 2, 1, 1, . . . s 1r3, 1, n , 1, 1, . . . s 1r3 ? 2 , n s 1, 2, . . . .
 :The sequence a such that a s 1r3 is given in terms of Conway's
w xnotation 1, p. 21 by
a s 0 , 1, 2, 1n , n s 0, 2, . . . ¬ 1, 1 , 1, 2, 1n , n s 1, 3, . . . 4 .  .  .  .
s 1, 2, 1, 1, . . . . .
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Another interesting example is the partial determination of the se-
’ :quence a such that a s 2 . For this result, we first verify by direct
calculation that
15 ’ :2, 2, 2, 1, 1, 1, 1, 5, 1, 1 s 46341r2 ) 2 ,
16 ’ :2, 2, 2, 1, 1, 1, 1, 5, 1, 2 s 92681r2 - 2 .
It follows from this result that
 :  :2, 2, 2, 1, 1, 1, 1, 5, 1, 2 - a - 2, 2, 2, 1, 1, 1, 1, 5, 1, 1 ,
 .hence, from 5.4 below, that
a s 2, 2, 2, 1, 1, 1, 1, 5, 1 b , 1 - b - 2 . .  .  .
It is quite a nice result that every positive number can be represented as
a sequence of positive integers}an a-sequence}finite or infinite.
5. FURTHER PROPERTIES OF a-SEQUENCES FROM
ITERATION THEORY
Many of the concepts developed for a-sequences have a direct meaning
for the corresponding Conway numbers. Let us illustrate just a few of
these limiting the examples to positive sequences representing real num-
bers.
 .We have defined a lexical sequence by 1.6 . We define a lexical Conway
 :number to be the number a corresponding to a lexical sequence a .
 .  .Then because of the order relation 1.19 and the definition 1.6 of a
lexical sequence, a lexical Conway number satisfies
 :  :a , a , . . . , a ) a , . . . , a , i s 1, 2, . . . , k . 5.1 .0 1 k i k
A positive sequence that is not of the form
b 1 b , l b even, or b y1 b , l b odd, .  .  .  .
is called a fundamental sequence. The harmonics of a fundamental se-
quence a are defined recursively by
H s a , H s H 1 H , H s H y1 H , H s H 1 H , . . . , .  .  .0 1 0 0 2 1 1 3 2 2
for l a even, .
H s a , H s H y1 H , H s H 1 H , H s H y1 H , . . . , .  .  .0 1 0 0 2 1 1 3 2 2
for l a odd. .
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w xIt is a well-known theorem 2, 4 that there can be no lexical sequence
between any pair of harmonics in the infinite sequence of harmonics, and
that harmonics satisfy the inequalities
H - H - H - ??? . 5.2 .0 1 2
 :We call the Conway number a fundamental if the sequence a is
 :fundamental and call the Conway number H , m s 1, 2, . . . , the mthm
 :  :  .harmonic of the Conway number H s a . Then, again from 1.19 , it0
follows that these Conway numbers are ordered
 :  :  :H - H - H - ??? , 5.3 .0 1 2
and that there is no lexical Conway number between any pair in this
infinite sequence.
There is a long list of such results that can be written out from the
w xcorresponding property of a-sequences. See, for example, 2, 3, 5, 13]16 .
We mention two more such results. The first one, which may be called the
cancellation theorem for positive sequences there is a similar rule that
.includes negative sequences is as follows. Let a , b , g be positive se-
quences such that
ab ) ag .
Then
b ) g , if l a even, .
5.4 .
b - g , if l a odd. .
It follows then that
 :  :  :  :if ab ) ag , then b ) g ,
 :  :if l a even; b - g , if l a odd. .  .
The second class of results relates to criteria under which sequences in a
specified set of sequences are adjacent to one another. A number of such
w xresults is given in 2, Appendix B .
6. CONCLUDING REMARKS
 .  .  . 21. The quadratic functions p x s z x 2 y x and q x s x y a arez a
topologically equivalent even when the parameters z / 0, a, and the vari-
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 .able x are complex; that is, there exists a function h x such thatz
q s hy1 ( p ( h .z z z z
 .Here the function h x is given byz
h x s x q z rz , a s z z y 1 . .  .  .z
In many places in the literature, one finds the properties of the quadratic
 .  w x .map given for q x see, in particular, 16 for a s z s 2 .a
2. For z s 2, the trapezoidal map and the flat-top parabolic map
 .  .  .  .defined, respectively, by 3.2 ] 3.3 and 3.4 ] 3.5 are topologically equiva-
 w x.lent see 2, pp. 184]186 . This equivalency is expressed by
C 1; x s hy1 (F 1 ( h x , 0 F x F 2, .  .  . .2 2
C y1; x s hy1 (F y1 ( h x , 0 F x F 2, .  .  . .2 2
 . .  .  . .  .  .where F 1 x s F 1; x , F y1 x s F y1; x , and h x is defined2 2 2 2
by
4 x
h x s arcsin , 0 F x F 2. . (
p 2
This leads to the one-to-one correspondence between the points in the
 .  .general cycle X defined by 3.39 and 3.41 of the trapezoid of heighta
 .c a ; 2 and the general cycle for the flat-top parabola of height
2 .  ..2 sin pr4 c a ; 2 , in which case,
p
2C b ; 1 s 2 sin F b ; 1 , each b g C . .  .2 2 a4
This property is, of course, true for every lexical sequence a .
n. .3. For z s 2, the polynomials p x y 1 are related to the Cheby-2
 .  w x.nshev polynomials T x by see 192
1 y pn. x s T n x y 1 . .  .2 2
It follows from this result and the relation
pn. C a ; 1 s 1, each a g A , . .2 2 n
 .nthat the roots of the Chebyshev polynomials T x are given by2
p
x s C a ; 1 y 1 s ycos c a ; 2 , each a g A , .  .a 2 n2
p
x s cos c a ; 2 , each a g A . .a n2
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 .nUsually, the roots of the Chebyshev polynomials T x are given as2
2 i y 1 p .
nx s cos , i s 1, 2, . . . , 2 .i nq12
The proof that these roots coincide with those enumerated in terms of
a-sequences uses the decomposition of the odd number 2 i y 1 into an
alternating series of powers of 2 given in Section 2.
w x  w x.4. The popular article by Shulman 17 see also 18 , describing the
work of Martin Kruskal, was significant in suggesting the interpretation of
Conway numbers in terms of cycles and fixed points in iteration theory, as
described in this paper. As far as we have been able to determine, there is
no simple relationship between Kruskal's realization of the Conway theory
in terms of up and down arrows, and a-sequences representing LR-words
and corresponding to the points lying to the left and right of the midpoint
in a cycle corresponding to a lexical sequence a .
5. This work is incomplete. The question of whether all surreal
numbers can be realized as a-sequences has been left open. A major
result would be the establishment of this and a connection between the
surreal Conway numbers, fixed point theory, and chaos.
6. Note added in proof.
APPENDIX: ALTERNATIVE ALGORITHM FOR THE SUM
OF TWO DYADIC SEQUENCES
An alternative, but equivalent, method to that based on decomposing an
odd number as an alternating series in powers of 2 for determining the
 .sum and product of two dyadic sequences a s a , a , . . . , a and b s0 1 k
 .  .b , b , . . . , b can be derived directly from 1.12 .We note separately the0 1 j
cases given by
a q b , b , b , . . . s a q b , b , b , . . . , .  .  .0 0 1 2 0 0 1 2
a , a q b , b .  .0 1 0 1
¡ a q b y 1, a , 1, b y a y 1 , a - b , .0 0 1 1 1 1 1~ a q b y 1, a y 1 , a s b , .s 0 0 1 1 1¢ a q b y 1, b , 1, a y b y 1 , a ) b . .0 0 1 1 1 1 1
In all other cases, we have the algorithm that we next describe. That the
procedure is valid is obvious from the steps given in its description. One
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defines the positive integers s and t byi i
s s a q ??? qa , i s 1, 2, . . . , k with s - s - ??? - s ,i 1 i 1 2 k
t s b q ??? qb , i s 1, 2, . . . , j with t - t - ??? - t .i 1 i 1 2 j
To each odd i, assign a q sign and the each even i, a y sign, and then
write out the s and t sequence and the corresponding sequence of signsi i
as
s s ??? s t t ??? t1 2 k 1 2 j
.kq1 jq1q y ??? y q y ??? y .  .
 .Next add 1 to s and to t end effect , then permute the modified entriesk j
in the s and t sequence in such a way that the new sequence is ai i
nondecreasing sequence read left to right, and write below it the corre-
sponding permuted sequence of signs:
u , u , u , . . . , u , with u F u F u F ??? F u ,1 2 3 jqk 1 2 3 jqk
d , d , d , . . . , d ,1 2 3 jqk
in which each d is a q or y sign and d is q. The d-sequence containsi 1
the instructions on how to operate on the u-sequence. First cancel in pairs
any repeated integers in the sequence that correspond to opposite signs,
removing also the corresponding signs in the sign sequence. In this way,
one arrives at a sequence of the form
uX , uX , uX , . . . , uX , with uX F uX F uX F ??? F uX ,1 2 3 m 1 2 3 m
X X X Xd , d , d , . . . , d ,1 2 3 m
in which each each d X is a q or y with d X a q, but now the same sign, qi 1
or y, occurs under each set of repeated integers. In this sequence, reading
from the left, find the first occurrence of a repeated sign in the corre-
sponding sign sequence, q,q or y,y, and replace the uX correspondingi
to the first sign by the pair uX y 1, uX and the corresponding sign by thei i
pair q,y, if d X is q, and by y,q, if d X is y. Repeat this procedure ini i
the new sequence, and then again on the next new sequence, as often as
needed, to obtain a sequence of nondecreasing integers with correspond-
ing alternating sequence of signs. Again, reading from the left end of this
sequence, cancel adjacent equal integers in the sequence by pairs, remov-
ing also the corresponding pair of signs from the sign sequence, thus
arriving at a sequence of strictly increasing integers and a corresponding
alternating series of signs, if the length of the sequence is greater than 1,
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and a single term sequence with q sign, if the length of the sequence is 1.
 .In the last step, we reduce end effect the right most member of the
sequence by 1; if the length is greater than 1, and the last two integers are
distinct, we keep both; and if they are equal, we discard the right-most
one. The exception to this rule is If uX s 1, and uX has a corresponding q1 2
sign, hence, the sign sequence begins with qq, then we first remove
uX s 1 from the sequence and then apply the preceding rules to the1
remaining sequence, which begins now with uX . In this way, we arrive at a2
final sequence of the form
¨ ¨ ¨ . . . ¨1 2 3 l
lq1q y q . . . y .
with 1 F ¨ - ¨ - ¨ - ??? - ¨ , for l G 2,1 2 3 l
with a corresponding sequence of alternating signs, or of the form
¨ 1 with ¨ G 1, for l s 1.1q
The sum
a q b s g
is given by
g s g , ¨ , ¨ y ¨ , ¨ y ¨ , . . . , ¨ y ¨ , l ) 1, .0 1 2 1 3 2 l ly1
g s g , ¨ , l s 1, .0 1
where
g s a q b y 1,0 0 0
unless uX s 1, and uX has a corresponding q sign, in which case1 2
g s a q b .0 0 0
 .As an example of this rule, consider the calculation of the sum 2, 2, 3, 2
 .q 3, 2, 4, 1, 1 . The steps in the algorithm are as follows:
2 2 5 6 7 8 9
q q y y q q y
1 2 2 5 6 7 8 9ª q y q y y q q y
1 2 2 4 5 6 7 8 9ª q y q y q y q q y
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1 2 2 4 5 6 6 7 8 9ª q y q y q y q y q y
1 4 5 7 8 9 1 4 5 7 8 8ª ªq y q y q y q y q y q y
1 4 5 7 8ª .q y q y q
Thus,
¨ , ¨ , ¨ , ¨ , ¨ s 1, 4, 5, 7, 8 , .  .1 2 3 4 5
2, 2, 3, 2 q 3, 2, 4, 1, 1 s 4, 1, 3, 1, 2, 1 . .  .  .
A second example illustrating the modification for uX s 1 with uX having1 2
 .  .corresponding sign q is 2, 1, 3, 2 q 3, 2, 4, 1, 1 :
1 2 4 6 7 7 9
q q y y q q y
2 4 6 7 7 9ª q y y q q y
2 3 4 6 7 7 9ª q y q y q q y
2 3 4 6 6 7 7 9ª q y q y q y q y
2 3 4 9 2 3 4 8ª ª .q y q y q y q y
Thus,
¨ , ¨ , ¨ , ¨ s 2, 3, 4, 8 , .  .1 2 3 4
2, 1, 3, 2 q 3, 2, 4, 1, 1 s 5, 2, 1, 1, 4 . .  .  .
A final example illustrating the normal procedure for uX s 1 with uX1 2
 .  .having corresponding sign y is 2, 1, 2, 2 q 3, 3, 1, 2 :
1 3 3 4 6 7
q q y y q q
1 4 6 7 1 4 5 6 7ª ªq y q q q y q y q
1 4 5 6 6 1 4 5 6ª ª .q y q y q q y q y
Thus,
¨ , ¨ , ¨ , ¨ s 1, 4, 5, 6 , .  .1 2 3 4
2, 1, 2, 2 q 3, 3, 1, 2 s 4, 1, 3, 1, 1 . .  .  .
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The multiplication rule may be developed along similar lines, but is
considerably more complicated and is not given here.
ACKNOWLEDGMENTS
The author thanks William A. Beyer, W. C. C. Chen, and J. M. Ettinger for a number of
valuable discussions, explaining Conway's work, and for useful suggestions.
w xNote added in proof.}After this article was written, Beyer and Louck 20 found the
one-to-one correspondence between Kruskal's notation and a-sequences, this result leading
to an a-sequence representation of the surreals.
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